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ABSTRACT. For f a linear functional on a nilpotent Lie algebra g over a field
of characteristic 0, let J (f) be the ideal of all polynomials in S (g) vanishing
on the coadjoint orbit through f in g*, and let /( f) be the primitive ideal of
Dixmier in the universal enveloping algebra U(g), corresponding to the
orbit. An inductive method is given for computing generators P,, .. ., P, of
J(f) such that @Py, . . ., @P, generate I(f), ¢ being the symmetrization map
from S(g) to U(§g). Upper bounds are given for the number of variables in
the polynomials P, and a counterexample is produced for upper bounds
proposed by Kirillov.

Introduction. Let G be a Lie group, g its Lie algebra. G acts on the dual
space g* by the coadjoint (or contragredient) action. Thus for f € g* and
o Eexpadg, o(f) = fo o~ . The orbits in g* under this coadjoint action
play an important role in the theory of unitary representations of nilpotent
Lie groups and the theory of linear representations of nilpotent Lie algebras.

In his fundamental paper [6] A. A. Kirillov shows that the irreducible
unitary representations of a simply connected Lie group are in 1-1 correspon-
dence with the orbits in g*, and that each such representation is induced by a
one-dimensional representation. The principal method is an induction on
dimension. If the kernel of the representation contains a normal subgroup of
dimension > 1, one passes to the quotient group. If not, then the kernel is
discrete and the centre of the group is one dimensional, and one constructs a
subgroup of codimension 1 and a representation on the subgroup which
induces (in the sense of Mackey) the representation on the original group.
Each irreducible representation is induced by a one-dimensional representa-
tion corresponding to a point f in g* and a polarization for f (see 3.1). Two
such representations are equivalent iff the points in g* belong to the same
orbit. This gives the correspondence between orbits and irreducible repre-
sentations. The orbits also give the decomposition of representations into
irreducible constituents.
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Dixmier has shown (see [2], [4] or [8]) that there is an analogous situation
for linear representations of a nilpotent Lie algebra g and the corresponding
linear representations of the universal enveloping algebra U(g). The kernel of
an irreducible such representation is called a primitive ideal of U(g). An
ideal I of U(g) is rational if U(g)/I is a Weyl algebra. If the ground field is
algebraically closed then an ideal is primitive iff it is maximal iff it is rational
[2]). The linear representations of g are thus obtained from the primitive ideals
of U(g) and the representations of the Weyl algebras.

Dixmier proved that for each point f in g* there is a rational ideal 7(f) in
U(g) and that I(f) depends only on the orbit through f, in fact that the
orbits correspond to the rational ideals in U(g). Nouazé and Gabriel in-
troduced the notion of rational ideal in the symmetric algebra S (g) (see [8] or
[2, 4.8.6]) and proved that the rational ideals of S(g) are exactly the ideals
J(f) of all polynomials vanishing on the orbit through f. Thus there is a 1-1
correspondence between the rational ideals of U(g) and those of S(g), via
the orbits.

In this paper we shall déscribe a method of computing a minimal set of
generators Py, . .., P, of J(f) such that P, . .., @P, generate I(f), ¢ being
the symmetrization map from S(g) to U(g). By abuse of language let us call
the P, joint generators of J (f) and I(f). It is surprising that joint generators
exist, since @J(f) is not, in general, contained in I(f), as shown by an
example of Conze (§10). We illustrate the method of computing joint genera-
tors with the low dimensional examples in §§9 and 10.

The proofs use the induction of Kirillov on the dimension of g. If there is
an ideal L of g in the kernel of f we say that f is reducible and we pass to the
quotient algebra g/ L. The induction step is trivial for f reducible. If there is
no such ideal L (f is irreducible) then the centre of g is one dimensional and
there are elements x,y,z such that [x,y] = z, {(z) = centre g, f(x) = f(y) =0,
f(z) = 1 and B = kernel ad y is a subalgebra of g of codimension 1. We let f;
be the restriction of f to B and show that applying the operator I' =
Z520(—yY (ad xY /! to joint generators of J (f;) and (/) gives joint genera-
tors of J (f) and I ().

We need in the proof that J(f,) = {y,h, — R, ..., h, = R,), with each R,
a polynomial with no A; terms (results of this form are well known). In
studying I'(h, — R;) we need to ensure that no A; terms arise in I'R;, so we
introduce a filtration on g and show essentially that R, can be taken to be a
polynomial in elements of (filtered) order smaller than the order of A, This
ensures that after applying I' we may make substitutions and obtain a similar
expression for J(f). R; is shown to be a polynomial in fewer than 2k
variables, where r + 2k = dim g, and r is the dimension of the isotropy
algebra g/ (see 3.1). This is of some interest, as in [6] Kirillov made a
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somewhat stronger claim that R, could be taken as a polynomial in &
variables. §9 contains an example showing that this stronger claim is not true.

The results of this paper appeared previously in [5]. We express our sincere
thanks to Victor Guillemin, Shlomo Sternberg, Michéle Vergne and Bertram
Kostant for their helpful suggestions and encouragement.

0. Notation. g is a finite dimensional filtered nilpotent Lie algebra over a
field K of characteristic 0. f is a nonzero element of the dual space g*.
Cupy oo vy uyorluy, ..., u,s is the subspace of S spanned by u,, . . ., u, or
the ideal of S generated by u,, . . ., u,, as appropriate in context.

o (ad u)’
adu(v) =[u,p], expadu= ( j') ,
Jj=0 :

@ is the symmetrizing map or canonical bijection from the symmetric algebra
S (g) to the universal enveloping algebra U ( g).

o(uuy - - - w) =Su,u,- - - u,/n!, the sum over all permutations o of
{1,...,n}. @ is a g-module map (Dixmier [2, 2.4, p. 79]).

1. Filtrations.

1.1. DEFINITION. (g, { F,}) is a filtered Lie algebra or { F,} is a filtration on g
if F, C F,,, and [g, F,,,] C F, for each integer n. We define the order of a
nonzero u € g by o(u) =j if u € F; and u & F;_,. We define 0(0) = —co.
We say u has minimal order if u has minimal finite order.

1.2. LEMMA.
o([u,0]) < o(v) = 1, o(u + v) < sup{o(u), o(v)},
o(u + v) =o(u) ifo(v) <o(u).
1.3. DEFINITION. {4} is a filtered basis for (g,{ F,}) if any element of order
n can be expressed as a sum of basis elements of order < n. A filtered basis
{u} for (g,{ F,}) is consistent on a subspace B of g if those basis elements
in B form a filtered basis for B with the restricted filtration {F, N B}. The

order function o on (B,{ F, N B}) is the restriction to B of the order function
o on (g,{F,}).

1.4. LEMMA. 4 filtered basis {u,, ..., u} for a subspace (B,{(F, N B}) of
(8, {F,}) can be extended to a filtered basis for (g, {F,}) by: having chosen
Uy« o oy Uy, choosing u,, to be an element of minimal order in the complement

of (upy oy Uy ).

1.5. LEMMA. Suppose {u,, . . ., u,} is a filtered basis for (g, { F,}), consistent
on an ideal K, and = is the natural projection to g/ K. Then

(1) {=F,} is a filtration on g / K and o(wu) = inf{o(v): mv = mu}.

(2) {mu;: mu; # 0} is a filtered basis for (g/K,{nF,}).
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(3) Conversely, if {v,} and {w;} are jiltered bases for (K,{F, n K}) and
(g/K.,{wF,}), respectively, and for each j,wx; = w; and o(x)) = o(w)), then
{v} U {x;} is a filtered basis for (g,{F,})-

We may note that x; is an element of minimal order under the condition
that 7x; = w,.

1.6. REMARK. The ascending central series and an inversely labeled de-
scending central series are filtrations for a nilpotent Lie algebra. The elements
of minimal order are in the centre.

2. The induction: reducible and irreducible functionals. Many of our argu-
ments will be by an induction on the dimension of g used by Kirillov. The
induction takes two forms, according to the reducibility or irreducibility of f,
in the sense defined below.

2.1. DEFINITION. f is reducible if centre(g) N kernel(f) is nonempty. If f is
reducible, choose u of minimal order in centre g N kernel f and let = be the
natural map from g to C = g/<u), with the function f, induced on C by f.

2.2. DEFINITION. f is irreducible if centre g = {z) with f(z) = 1. Then z has
minimal order in g. Let y be an element of minimal order in kernel f. Then
[v,8] = {(z)> and, hence, B = kernel ad y has codimension 1 in g, and there is
an x of minimal order in the complement of B with the additional properties
that [x,y] = z and f(x) = 0. Let C = B/{y), f; = f restricted to B, f, = the
function induced on C by f,. Then o(wv) = o(v) when v & {y,z). If f is
irreducible we pass to f; and thence to f,. We shall refer repeatedly to the
specific notation of these two constructions.

3. Reductions of isotropy algebras.

3.1. DerINITION. The isotropy algebra g/ is the kernel of the bilinear form
By(u,0) = f([u,0]), that is, g/ = {u € g: f({u,g]) = 0}. D is a polarization for f
in g if D is a subalgebra of g of dimension (dimg + dim g/)/2 and
f(D,D]) = 0. D is a totally isotropic subspace of maximal dimension for the
form B, and, hence, contains g”.

3.2. We shall discuss in this section the relation between the isotropy
algebra g/ and an isotropy algebra for a linear functional induced from fon a
Lie algebra of lower dimension. We note that f is reducible iff there is a
nonzero ideal of g in the kernel of f.

3.3. LEMMA. ONE-STEP REDUCTION OF g’ f REDUCIBLE. Suppose V is an ideal
ofgand f(V) = 0. Let A = g/ V, let w be the natural map from g to A, and let
> be the map on A induced by f. Then g/ = n~'(A%), n(g)= A% and D isa
polarization for f, if #~'(D) is a polarization for f.
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3.4. LeMMA. TWO-STEP REDUCTION OF g’: f IRREDUCIBLE. Suppose f is irredu-
cible, with (x, y, z, B, f;, C, f,) as in 2.2. Then g + {y) = B/ = =~ }(C’?) and
w is an isomorphism of g’ with C/.

ProoF. We note that this two-step reduction from g to C has disposed of x
and y but “preserved” g/, whereas the one-step reduction disposed of part of
g’. We shall see from Lemma 7.3 that the two-step reduction involves a
distinct loss of information on the orbit through f.

g’ C B, since u ¢ B implies f([u,y]) # 0. Thus g/ is a hyperplane in B/t
(by 1.12.2, p. 54, in Dixmier [2]) and therefore B/t = g/ + (»>. By 3.3,
7-1(CH) = B/ = g/ + {y) and 7(g/) = C*; and thus = is an isomorphism
of g/ onto C%.

4. The ideals J (f) and I (f).

4.1. Let G be the group generated by exp ad u, 4 € g. Since g is nilpotent,
G =exp ad g. G acts on g* by the coadjoint action: a(h)(v) = k(o™ 'v) for
hegtvegoEGQG.

4.2. w(f) is the orbit in g* of G acting on f.

4.3. J(f) is the set of all polynomials in S (g) vanishing on w(f).

4.4. Let D be a polarization (3.1) for f. Let M (D,f) be the left ideal of U(g)
generated by the elements d — f(d), d € D. Let I(D,f) be the largest
two-sided ideal of U(g) in M (D, f). Dixmier has shown that I(D, f) is
independent of D, whence we shall write I(D, f) = I(f), and that I ()=
I(h) if f and h belong to the same orbit in g*.

4.5. LEMMA. If u is in the centre of g, then u — f(u) is in J (f) and in I(f).
4.6. LEMMA. If u € g/ then exp ad u(f) = f.

5. Kirillov projections. Suppose B is a subalgebra of codimension 1 in a
nilpotent Lie algebra g. Let «: B— g and «*: g* — B* be the natural maps,
fi = «*f. Kirillov showed that the orbits w(f) behaved in two ways under ¢*:
¢* is a type 1 projection on w(f) if *~'w(f;) N o(f) = {f}. In this case, * is
1-1 on w(f), *o(f) = w(f)), and ¢*~'w(f,) is the union of a one parameter
family of orbits in g*, one for each point in *~!(f)). ¢* is a type 1l projection
on w(f) if *7'(f,) C w(f). In this case, *w(f) is the disjoint union of the
orbits through o,f;, where o, =expadix, xEg— B, t € K. Type 1I
projections reduce the dimension of the orbit by 2. For every orbit of
dimension > 0 there is a subalgebra of codimension 1 containing g/, and
hence there is a type II projection of the orbit. If every subalgebra of
codimension 1 contains g/ then there will not be a type I projection.

5.1. THEOREM. If g/ Z B then «* gives a Kirillov type 1 projection of «(f) into
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B*, and J(*(f)) = J(f)) = J(f) N S(B) (or, more precisely, :~'(J(f) N
S (B))-

Since we do not use Theorem 5.1 in the sequel we shall omit the proof.

5.2. THEOREM. If gf C B then «* gives a Kirillov type 11 projection of w(f)
into B*, and

J(f)=S(8) W (*a(f)) = S(g)- ¢ I (ay).

teK

That is, the ideal of w(f) is the extension to S(g) of the ideal ¢*w ().

ProoF. We remark that for later theorems x,y and B below may be as in
2.2. Since B O g/ and B has codimension 1 in g, g/ is a hyperplane in B/
and, hence, B/ = g/ + (y) (Dixmier [2, 1.12.2, p. 54]). Since y € g/ we
choose an x such that f[x,y] = 1. Let @ be in g*, 8(x) = 1 and §(B) = 0. Let
o,=expadx,t €K, and let G=expadg. Then G is the semidirect
product of exp ad B with the 1-parameter subgroup {o,}.

We complete the proof of 5.2 with Lemmas 5.3 to 5.5.

5.3. LeMMA. o(f) D *~}(f) = U,ex {exp ad &y (f)}.
Proor. Let w € g. Then by 4.1,

exp ad D (1)(w) = f(exp ad = ()
=70 = dTrw] + 3 (=0 Y pady ()]
=f(w) + fwy].

It follows that exp ad &y(f) = f + 0.

5.4. LEMMA. o(f) = *! U ,cx(0,f).

ProoF. This follows from 5.3. If p € G,.then p = oo, with 0 € exp ad B
and «*(o0,f) = ai*(o,f).

5.5.LEMMA. Let L = N ,cxJ (0,f,), in S(B). Then J(f) = S(g)- L in S(g)-

PrOOF. In the statement of 5.5 and hereafter we take S(B) c S(g), but it
is clearer to prove the more exact statement: J(f) = S(g) * ¢L.

(i) If P € L then (P (w(f)) = P(:*w(f)) = 0. Hence J (f) contains ¢L.

(i) Let P € J(f). Then P = Zu(a))x’, a; € S(B).
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P(of + 8) = T a,(:*af )(x(of + 19))

=S g of)((oN)(x) + 1)’
=0 forallz € K.

Thus g; € L for all j.

This completes the proof of 5.2.

6. Lemmas.
6.0. Let

re 2 (=) (adx)j _ 2 j(adx)’

Jj=0 . j=0
6.1. LEMMA. For S in S(g) or U(g), ad x(T'S) = —(z — DT'(ad x(S)).

6.2. LEMMA. If S is in S(g) or U(g) and T = T(S). Then
6,(AT) = 0,(A)T+ D(z—1), T(AT)=T(A)T+ E(z-1).
ProOF. This follows from 6.1.

6.3. LEMMA. For S in S(g) or U(g),
ad x/(yS) = jz(ad x/~'S) + y(ad x’S).

6.4. LEMMA. For S in S(g) or U(g),

I(y§) = (z = D(=»)I(S).

6.5. LEMMA (STANDARD SUBSTITUTION LEMMA). If I = {a — b,
P@a,xy...;%) ..., P(a,x3...,x,)> is an ideal in S(g) or U(g) then
I={a—-bP(b,x3....%)..., Py(b, x5, . .., x,)>. That is, we can
replace a by b if we retaina — b in 1I. .

6.6. Localization. Let U = U(g), z be in the centre of U, and let U, =
{u/z": u € U, n a nonnegative integer}, with (u/z")(v/z™) = uv/z"*™ and
withu/z" = v/z™ iff uz™ = vz"in U.The map p, p(u) = u/1,is an injection
of U into U, and we may use it to identify ¥ and u/1. If I is an ideal in U
thenI, = U, p(I) = {u/z": u € I} is an ideal in U,.

6.7. LEMMA. If I is an ideal of U and z — lisin I thenI = I, 0 U.

ProoF. (More exactly, p(I) = I, n p(U).) Clearly p(I) C I, n p(U). But if
u/z"=w/l,u€Iand w € U, then u = wz" = w(z" — 1) + w in U, and
hence wisin I.

6.8. LeMMA. If I is an ideal in U(g) containing z — 1 and I, = {z —
LPy, ..., P>y witheach PiinUthenl = {z — 1P, ..., P>,

The proof is similar to that of 6.7.
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6.9. Notation. Let A, be the Weyl algebra over K with generators p and g,
that is, the associative algebra generated by p and ¢ with the relation
- =1

6.10. LEMMA (DIxMIER [4]). Suppose U = U(g) and I is a two-sided ideal in
Ag® U+ A, ® M, where M is a vector subspace of U. Then I = A, ® J,
where J is a two-sided ideal of U contained in M. This result holds also if I is in
Ap@U+ 4,0 M.

6.11. We now state a result of Nouazé and Gabriel. We assume that f is
irreducible, with x,y,z,B,C as in 2.2. We define a homomorphism ¢ from
U(g), to 4, ® U(C),,, where = is the natural map from B to C = B/{y),
by ¥(x) = p ® 1 and Y(u) = 2. o¢’ ® w((ad x)u)/;! for u in B.

6.12. LEMMA (NOUAZE AND GABRIEL [8, p. 79] OR [2, 4.7.8, p. 150]). With
as above,

() ¥ is an algebra isomorphism.

Dy~ '(p®1)=x.

(i) y~'(g® ) =y/z

V) ¥~ ® ug) = T2 o(—y/zY ad x’u/j!, where u is any element in U (g)
with w(u) = u,.

6.13. LeMMA (DIXMIER-NOUAZE-GABRIEL). Suppose f is irreducible. Then
‘P(I(f)z) = Al ® I(fz)u'

ProoF. The lemma follows from 6.10 and 6.12, or see Dixmier [2, 6.2.1, p.
190].

6.14. LEMMA. Suppose f is reducible. Then (see 2.1 for notation)
DI =7V (N)=J().

@I = 1"l () = I (fy).

(i) 7(f) = 7T (f) 1 (f) = I(f).

7. Theorem on generators of I (f) and J (f).

7.1. THEOREM. Suppose g is a filtered nilpotent Lie algebra, f € g*. Then
there is a filtered basis {hy, ..., B, X)y oo oy Xpy Y15+« » Y, ) O 8 SUch that:

Mgl=<h,..., ).

(2) There exist Py, ..., P, € S(g) such that J(f) = <Py, ..., P)g, and
I(f) =<@P), . .., PP, Dy (4 Where @ is the symmetrization map from S(g) to
U(g)-

@ J(f)=<h =Ry, ..., h, = R, where each R, is a polynomial in ele-
ments of {x,...,X,} of order < o(h;) and elements of {y,, ...,y,} of order
< o(h).

PRroOF. The theorem follows from 7.2 and 7.3 by induction on dim g.
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7.2. LEMMA (INDUCTION STEP FOR f REDUCIBLE). Suppose f is reducible, with
u of minimal order in kernel f N centre g, 7 the natural map to g = g/{u). Let
{hyy oo s BuXys o oo s XV 15 o o« s Vn}s Ry Py, satisfy Theorem 7.1 for g with the
projected filtration. We obtain a basis and polynomials satisfying 7.1 in g by
lifting the basis to {hy, ..., BoXps o ooy XpV1s  « + 5 Yy} by 1.5(3), with hy = R,
=P, =uand Ry, ...,R,P,, ..., P, any polynomials such that mR; = 1—2;,
7P, = 1-’;

ProOF. The lemma follows from 6.14, since 7p = @m.

7.3. LEMMA (INDUCTION STEP FOR f IRREDUCIBLE). Suppose f is irreducible,
with x,y,z,B as in 2.2. Suppose Theorem 1.1 is satisfied in B with the restricted
filtration and {y,z,h,, ..., h,, X3 . . ., X,Y2 « . ., ¥} is a filtered basis for B
such that Bf = {y,z,h,, ..., h), withy,z — 1, P, ..., P, polynomials satisfy-
ing 1.1(2) and y,z — 1, hy = T,, ..., h, — T, polynomials satisfying 7.1(3), in
B.Then {z,hy, . .., B, X, X5, .« oy X¥ V25 - + + 5 Y} U5 a filtered basis for g and

Mg/ =<{z,hy ..., h;

()
J(f) = <z - l,er, . -’rPr>S(8)
and
I(f) = <z -1, (per, R ‘prP’>U(8)’

with T as in 6.0;
B J(f)=<z - 1T(h, — Ty, ...,T(h, — T,)) and by substitution we ob-
tainJ (f) =<z = Lh, = Ry, ..., h, — R,) as required in 7.1(3).

7.4. REMARK. We prove Lemma 7.3 in §8. Lemma 4.5 justifies the presence
of y and z — 1inJ (f;) and I(f).

7.5. REMARK. The procedures outlined in 7.1 to 7.3 are not merely existence
proofs but allow us to compute the polynomials Py, . . ., P,. We shall indicate
how this is done. If gf = g then g = (h,, ..., h) and P, = h, — f(h) for
each i. If g/ # g we may select a basis {z,hg, . . . s BpoXps e o o s XpV1s « + <3 Vn)
for g as follows:

(i) If f is reducible, choose a basis element 4; (i > 2) of minimal order in
centre g N kernel f. ; is in g”.

(ii) Project to g/{h;> = g with the projected filtration.

(iii) Repeat steps (i) and (ii) in the quotient algebra obtained, lifting the
basis elements chosen to g by 1.5, preserving the order, until the induced f is
irreducible on the quotient algebra. (The quotient algebra will be
g/<hy, . .., h;) the first time steps (i) to (iii) are followed.)

(iv) If f is irreducible, choose x,,y;,z,B (in the quotient algebra), as in 2.2,
again lifting the basis elements to g by 1.5. Take B with the restricted
filtration and then project to B/{y).
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(v) Repeat steps (i) to (iv) until the quotient is a commutative algebra.

This procedure is illustrated in §9. Repeated application of 7.2 and 7.3 with
these basis elements will show that the polynomials P,=z—-1, P, =
rry---T,), i=2,...,r, satisfy Theorem 7.1(2), where T, =
So(=ymY@ad x,Y/j!. In fact, by linearity the polynomials P, =
rry-«-T,(h) - f(h), i=1,...,r wil satisfy Theorem 7.1(2) if
hy, ..., h, is any basis for g/ and x,, . . . , x,,y}, . . . , ¥, are chosen as above.

8. Proof of 7.3. We use the notation of 6.0 and 7.3. If g is commutative 7.1
and 7.3 follow from 3.1 and 4.5.

8.1. LeMMA. 0,J (f,) = J (0,f)).
82. LemMA. If J(f) = {yz2 = 1,0, ..., Q,) then o J(f)) =<y + t,z —
LT, ..., TO).

PROOF. 0,(y) = y + 1z,6,(z — 1) = z — 1,6,(Q)) = St/ad x/(Q)/j!.
Since t = — y + (y + z) — t(z — 1), we can replace t by —y and z by 1,
by 6.5, to get the desired generators.

8.3. LemMA. 0 J (f) =<y + t,z — Lh, — Ry, ..., h, — R,) with R, a poly-
nomial in elements of {x,,...,x,} of order < o(h) and elements of
{y1s+s7,) of order < o(h).

Proor. J(f) =<{y,z = LT(hy— T,),...,T(h, — T,)> by 8.1 and 8.2.
Each T; is a polynomial in x; of order < o(h;) and

o0
Ih-T)=h-T+ 21(—y)’adxf(hs = T)/j
j-

Now o(y) < o(h) and ad x(h; — T,) is a polynomial in elements of order
< o(h). Thus, if h; appears in the above expression for I'(h — T;) then
o(h) < o(k;) and, by induction on o(k), b; — R; € 6,/ (f,), where R; satisfies
the conditions of the conclusion. Thus we may substitute R; for A; in the
expression for I'(h, — T;), by 6.5.

8.4. LEMMA.
J(f)={z=1Lh,=R,...,h,— R,
={(z=-1I(h, - T,),...,T(h, — T,)).
PrOOF. The R; are as in 8.3. In S(B),
r'] oJ(f,)= f:] {(y+tz=Lhy— Ry, ..., h, — R).

the natural map. Then
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S(B)/A=K[Xp ..o s X0 Ys Y20+ + =+ V]

since each R, is a polynomial in {x,, ..., X5 ...,¥,}. But po,J (f;) =y
+¢)in S(B)/A sop N ,0J(f}) C N,{y + ) = {0}. Hence, N, 0,J (f)
= A and thus by 52,7 (f) =<z — 1, b, — Ry, ..., b, — R ), But revers-
ing the substitutions for 4; (in the proof of 8.3) gives us

J(f)y={z=1T(hy - T3),..., T(h, - T,))s(g).

8.5. LEMMA. If J(fl) = <y,z - l, Qz, veey Q:>S(B)’ then J(j) = <z -
l, rQ2, ey rQ:>s(g).

PROOF.

J(fl) = <y,z - l,r(hz - Tz), vy r(h, - T")> = <y,z - l,er, ce ey I‘Q‘>
and thus

T(h = T,) = Agy + A)(z — 1) + ZATQ,
Applying T,
T(h— T;)+ D(z — 1) = XT(4)I(Q) + E(z - 1),

by 6.1, 6.4, and, hence, J(f) c {(z - 1,TQ,,...,T'Q,> by 84. The reverse

inclusion follows from 8.2 and 5.5.

8.6. LeMMA. Suppose J(f)) =<y,2 = 1,8y ..., S)s@ and I(f)) =<y, z
= LeSy..., ‘Psr>U(s)- Then1(f) =<z - ,T¢S,,..., r‘PSr>U(g)-

Proor. Let C = 7(B) = B/{y) and f, be the map induced on C by f.
Then J (fy) = {mz — L,@S,, . . ., #S,)5(c) by 6.14. Let T, = I'S,. Then #T, =
@S, and I(f) = (mz — L,onT,, ..., enT,), since ¢m = mp. From 6.13,
V(I (f),) = 4, ® I(f),,. But I(f,),, is generated by 7z — 1 and @#T,, and
v~ ® (7z — 1)) = z — 1, by 6.12(iv), and

V(1@ rT) = 5, (~p/2Yp ad #T/j1= oT, + (2 = 1)
p

by 6.12(iv) and 6.1. ¢ commutes with ad x since ¢ is a g-module map. Since
is an algbra isomorphism (6.12),

I(fy={z- 19T, ...,¢T,) ={(z = 1,T'S,,...,¢IS,),
by 6.8.
8.7. This completes the proof of Theorem 7.1.

9. A counterexample to a claim of Kirillov. In [6] Kirillov stated that for a
nilpotent Lie algebra g of dimension n and an f € g* there is a basis
{x1 ..., x,} for g such that the orbit through f is described by polynomial
equations
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X =fi(Xegpoer X)) i=2k+1,...,n
7.1(3) shows us that we may describe the orbit as

Bi= Ri(Xp o ovs Xps Vs oo+ s Vi)

where the variables actually occurring in R; have order < o(h,), and where
{hyy....h}yand {hy, ..., By Xy ..., X, Y15 .-, ¥;) are bases for g/ and g,
respectively. Thus it would be natural to attempt to improve 7.1(3) by
reducing to k the number of variables needed in R,. The example following
shows that this cannot be done in genéral, that Kirillov’s claim is too strong.
We shall describe the computation in detail, to illustrate the procedure
outlined in 7.4.

Let g be the six-dimensional Lie algebra with basis {u,,...,us} and
nonzero products determined by [u,,u,] = us, [u,us] = uy, [u,u,] = us,
[upus] = g [u3,u,] = — ug. This algebra is gj® in Vergne [9]. Let the filtra-
tion be given by the ascending central series, so that we may let uy, . .., ug
have orders 5,5,4,3,2,1, respectively. Let f(ug) = 1, f(4;) = 0 fori # 6.

We shall choose a filtered basis {z,h,x,,x,,,.v,} as in 7.4. f is irreducible in
g. In the notation of 2.2 let z = ug, y, = us, x; = u,, B =kemelady, =
Cuy, us, Uy, vy, 2. Let C = B/ y,> = {uy, Uy, Uy, z)), with u = 7u. Let f, and
f» be the induced functionals on B and C, respectively. f, is irreducible in C
and we apply 2.2 again, choosing y, = #,, X, = — u;. We lift y, and x, to g,
preserving the order, by choosing y, = u, and x, = — u; in g.

Let B, = kernel ad y, = {y,,4;,z). B, is abelian, so, letting f; be the
restriction of f, to B,, J (f3) = {y,,u;,Z — 1). Let

I,=3(-»Y@dx), and T,=3(-5)(adx), i=12
By 73, J(f,) = <I‘2(u1),1‘2(z — 1)) and, thus, by 7.2 and 6.5, J(f}) = {u, —
2ulug — 15. By 7.3,
J(f) = (T(u, — 2u),us — 1)
= (u; = 2u} + usupug — 1)

= (T\Ty(uy) = f(u,).T\To(ug) — f(u6))
as in 7.4. We observe that the equations defining the orbit through f are
= 2u? — usuy = R(x,,y,,y,) and ug = 1 and that R cannot be expressed as

a polynonnal in fewer variables. Thus the claim of Kirillov is not verified for
this example.

10. Example: ¢/ (f) # I(f). The following example of Nicole Conze
(kindly supplied by Michéle Vergne) shows that @/ (f) # I(f) in general. Let
8 = uy, ty, uy, ug), With [y, uy] = u, [uy, us] = ug. Let f(u,) = 1, f(u;) = O for
i # 4. Then f is irreducible and taking x = u;, y = u;, z = u,, we getJ(f)) =
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uy, us, “4 sy and, thus, J(f) = <2“2 u3 “4 Ds and I() =
Quy — u3, u4 1)y(gp by 7.3. Let P = ui(Qu,u, — u3). Then P is in J (f) but
¢P equals mod I(f).
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